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Abstract—A current challenge in medicine is using high-dimensional
clinical data to understand the transition of patients between long-lived
stages of a disease, e.g. healthy or sick. We apply feature selection and
metric learning techniques to such data in order to construct Markov
chains on sparse connected networks, where long-lived stages are modeled
by clusters of nodes on the network in which the chain spends long
times. Using transition path theory, we can characterise the statistics
of transitions and identify the most probable transition paths between
long-lived stages.

I. I NTRODUCTION
The onset of a disease in a patient triggers processes that can be
detected in clinical data such as blood samples. Many classification
algorithms can detect the differences between healthy and diseased
patients using medical samples [1]–[4]. A relevant challenge in this
area is to study dynamical processes of the disease in order be able to
detect intermediate states and explain the process of becoming sick.
In contrast to ordinary classifiers, which can only predict the state
of a patient at a single time point in the future, understanding the
dynamics of the disease can predict how the patient’s state will evolve
over a given time interval, and thus give much more information about
the patient.
In this work, we model a patient’s state as a metastable Markov
chain on a network. We make this choice because a patient’s state
depends on an extremely large number of variables whose effect can
be modelled using random perturbations. Moreover, a patient’s state
is often assigned a class label via medical diagnoses - e.g. ’healthy’ or
’sick’ - where the class label evolves at a longer time scale compared
to the time scale at which the patient’s data evolves. For example,
while the constitution of a patient’s blood sample changes at the time
scale of minutes, the medical diagnosis of the patient may change at
the time scale of days or weeks.
II. P ROBLEM F ORMULATION
We are given a dataset of size n consisting of pairs (xi , yi ),
i = 1, . . . , n, where xi ∈ Rd is a high-dimensional datum with
n  d and yi ∈ {−1, +1, 0} is a class label with -1, 0, and
+1 corresponding to the prescribed labels ’healthy’, ’transition’,
and ’sick’ respectively. We seek to construct an irreducible Markov
chain whose state space is the set {x1 , . . . , xn }. The problem of
constructing a network from the cloud of data points is known in
literature as network inference or graphical model inference [5]. It is
different from the problem of network completion [6] and problem
of missing link inference [7], because both these problems assume
that the subset of edges is known.
The Markov chain must be metastable in the sense that, on average,
it spends long times in the ’healthy’ and ’sick’ clusters and short times
in the transition cluster. In addition, any path from the ’healthy’ to
the ’sick’ cluster (and vice versa) contains at least one ’transition’
state. Our goal is to identify the most probable transition paths from
the ’healthy’ to the ’sick’ cluster.

To the best of our knowledge, none of the approaches for network
inference aim to recover the dynamics from the static snapshot of
data. On the other hand, several heuristic approaches have been
developed [8]–[10] for this task. The method in [8] uses a random
walk-based distance related to a diffusion map space. The methods
of [9] and [10] reduce the data dimension prior to constructing the
k-nearest neighbor graph, i.e. these methods use the Euclidean metric
locally, but not globally, in the low dimensional space. We aim to
avoid using the Euclidean metric and find a metric that better suits
the geometry of the data.
III. M ETHOD
We construct a Markov chain with the desired properties by
constructing a weighted, undirected, connected, sparse network from
the n pairs {(xi , yi )}i=1,...,n . The problem of constructing such a
network involves learning a metric that captures the geometry of the
data and the information expressed by the class labels.
A. Feature Selection
Given that many metric learning methods work well on lowdimensional data, we first seek to reduce the dimension of the data
vectors {xi }i=1,...,n . To accomplish this, we can exploit the fact that
disease biomarkers lie in a low-dimensional feature space [11]–[13].
We perform feature selection on the subset of the raw dataset
{xi }i=1,...,n for which the corresponding labels are either -1 or +1
using the SPA algorithm [4]. SPA is based on the idea of one-bit
compressed sensing [14]–[16] and it solves the convex program
ω̂ = argmaxω∈Rd

n
X

yi hxi , ωi subject to ||ω||1 ≤

√

λ, ||ω||2 ≤ 1,

i=1

where λ is the sparsity controlling parameter.
The solution of the program above is a vector ω̂ ∈ Rd normal to
the hyperplane that best separates the subset of data with yi = −1
from the subset with yi = +1. Given a sufficiently small value of λ,
the solution ω̂ is (nearly) sparse in the canonical basis. The largest
(in absolute value) entries of ω̂ correspond to features that determine
the class label yi of each xi with the lowest error rate. We reduce
the data dimension by projecting to the dominant feature space.
B. Metric Learning and Network Construction
Once a low-dimensional feature space associated to the highdimensional data has been identified (see Section III-A above),
we perform metric learning on the low-dimensional feature space.
Many approaches for metric learning have been developed, e.g. those
for learning Mahalanobis distances, similarity learning, and nonlinear metric learning [17]–[20]. In order to ensure that the learned
metric captures the information expressed by the class labels, we
use the metric learning method of Bellet et. al. [20], which can
handle such global constraints. In addition, once the metric has
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Fig. 1: A schematic that describes the approach to be taken. In
subfigure (a), each labeled data point is presented as a point whose
color denotes the class to which the data point belongs. Blue and
red correspond to healthy and diseased clusters, respectively, and
yellow corresponds to the transition region; subfigure (b), presents
a constructed weighted network out of labeled samples; the three
most probable paths of a disease are shown in subfigure (c) where
the shade of path indicates the probability, i.e., the darker the color
of the path the more probable it is.

been learned from the original data set, it can be extended and
applied to additional data points. Given a learned metric, we create an
undirected, weighted network, where the edge weights are computed
by taking the reciprocal values of the distances between nodes(Fig.
1a,b). We apply a thresholding procedure to ensure that an edge is
drawn between nodes only if they are sufficiently close with respect
to the learned metric, and thus to ensure sparsity of the network.
C. Transition Path Theory
Given a Markov chain, we apply Transition Path Theory (TPT)
[21], [22] in order to analyze the statistics of transition paths starting
in the ’healthy’ cluster and ending in the ’sick’ cluster. TPT yields
the probability that the Markov chain will transition according to a
given transition path, and thus enables the identification of the most
probable transition paths (Fig. 1c). Such qualitative analyses can then
be used to propose possible treatments for a patient, for example.
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[21] P. Metzner, C. Schütte, and E. Vanden-Eijnden, “Transition path theory
for markov jump processes,” Multiscale Modeling & Simulation, vol. 7,
no. 3, pp. 1192–1219, 2009.
[22] N. Djurdjevac, “Methods for analyzing complex networks using random
walker approaches,” Ph.D. dissertation, Freie Universität Berlin Berlin,
2012.

