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Abstract—We propose a primal-dual homotopy method for £;-
minimization problems with infinity norm constraints, where the natural
homotopy parameter is the value of the bound for the constraints.
Motivated by primal-dual optimality conditions, each iteration of our
method decomposes into two relatively small linear programs. The
effectiveness and the competitiveness of our method are demonstrated
in numerical experiments.

I. PROBLEM AND OPTIMALITY CONDITIONS

We consider the problem

min |zll; st Az — bfe <6, (Ps)
xeR™

with A € R™*™, b€ R™ and § > 0. It is well-known that =* is
an optimal solution of (Ps) if and only if there exists a y* such that

—~ATy" € 9|z’ and Az* —bedd|y|: (1)

hold. Each such y™ is by construction an optimal solution to the dual
problem of (Ps). Therefore, we sometimes refer to &* as a primal
solution, to y* as a dual solution and to (x*,y™) as an optimal pair.
For a thorough understanding of the conditions (1), it is helpful to
define the primal support S := {j : &} # 0}, the primal active set
W = {i:|a] " — b;| = 6}, the dual support Q = {i : y; # 0}
and the dual active set ¥ = {j : |A] y*| = 1}. Since 9||z*|1 =
{w € [-1,1]" : ws = sign(xs)}, we can partition (1) as follows:

A%z — by = bsign(ys)
61 < A% &" — boe < 81
0= yiye

~Agy" = sign(xs)

1< -Aly* <1

0=x5e
2
Although (Ps) is motivated by various applications, such as sparse
dequantization [1], sparse linear discriminant analysis [2] and sparse
precision matrix estimation [3], our subsequent numerical experi-
ments focus on the Dantzig selector problem [4] which has itself
numerous applications in statistical estimation. In the following, we
describe our method which we call £;-HOUDINI (¢;-norm HOmotopy
UnDer Infinity-Norm constralnts).

II. HoMOTOPY METHOD

Suppose that 6% > § and that (¥, y*) is an optimal pair for (P ).
Hence, the conditions (2) hold for z*, y* and 6*. As a first step in
each iteration, we construct y**! £ y* such that (mk, yk“) is still
an optimal pair for (Psx). To that end, we fix ¥ and 6% in (2) and
use the resulting conditions as constraints to reduce the dimension of
the search space in the following linear program

min —sign(A" 2" — bw) "yw

Y €RIWI
s.t. —(AY) Tyw = sign(xk) 3)

1< —(A%) yw <1

—sign(A" 2" — by )oyw < 0.
We define y% as a solution of (3) and set y/.' == 0. In a second
step, we construct &1 #£ x* and t > 0 such that (x*+! y**1)
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is an optimal pair for (Ps_,). This time, we fix y*** in (2) which
gives rise to the linear program

max t

(z5,t)€RIZI xR

s.t. Alxs, — by = (0" —t) sign(yE™)

—(" =1 < A¥ @y — boe < (5" — 1)1
(Afy" T ows <0
t <5 -5
)
Finally, we define :1:’%Jrl as a solution of (4), set :1:’5{1 = 0 and

g1 .= §% — ¢. Note that the sets S, W, Q and ¥ now refer to the
respective primal and dual iterates and need to be updated in parallel
to those.

After at most (3™+"™ 4 1)/2 iterations we reach §*** = § and
2"t is an optimal solution of (Ps), while each intermediate iterate
2* is an optimal solution of the related problem (Psx). The choice of
the objective functions in (3) and (4) is motivated by a theorem of the
alternative and plays a key role in view of convergence, see [5] for a
thorough convergence analysis and a proof of the following theorem.

Theorem 1: Starting at x° := 0 and 6° = ||b|co, £1-HOUDINI
terminates after a finite number of iterations and returns an optimal
solution of (Ps).

The fact that an arbitrary LP solver can be used to tackle (3) and
(4) can be considered an advantage of our method as it makes it
adaptable and easy to implement. Nevertheless, one can exploit the
structure of (3) and (4) in order to design efficient methods. In [5],
we propose an active set method that covers two essential aspects.
First, the previous iterates y* and * are feasible starting points in
the subproblems to determine y*** and **!, respectively. Second,
Lagrange multipliers certifying optimality of y**! in (3) qualify as
an initial search direction at «* in (4), and vice versa.

III. NUMERICAL EXPERIMENTS

The Dantzig selector problem is a special case of (Ps), where
the constraint is replaced by ||AT (Ax — b)|jec < 6. A specific
homotopy scheme for this problem, called Primal Dual pursuit
(PDP), was proposed in [6]. We compare our method to PDP and
to the commercial LP solver GUROBI, where we apply the latter to
the LP reformulation of (Ps). Our test set includes random instances
according to [4] and instances from [7]. Table II provides an overview.

The first part of the comparison in Table I shows that the runtimes
of /1-HOUDINI and PDP often lie in the same magnitude while the
respective runtimes of GUROBI are significantly larger. We can further
observe that £;-HOUDINI is fastest in case m > n which is of interest
in many machine learning applications, where the number of training
examples is much larger than the number of features. Applied to
the empirical data from [7], GUROBI is the fastest algorithm in the
majority of cases, while PDP fails to find an optimal solution in three
out of seven cases. Table I finally shows that /;-HOUDINI is the only
algorithm that works with high accuracy on the whole test set.
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Fig. 1. Examplary run of ¢1-HOUDINI (using active set) with A € R6*12 and b € RS randomly generated and § = 0. The algorithm needed 9 iterations
to solve the problem. Horizontal labels display the value of the homotopy parameter 6% after each iteration. The plots represent the solution paths of x? for
j =1,...,12. The optimal solution has 6 nonzero entries.
inst. runtime in seconds [l&*])1 constraint violation
¢1-Hou. PDP GUR. {1-Hou. PDP GUR. /¢;-Hou. PDP GUR.
1 0.19 0.14 2.22 97.09 97.09 97.09 3-1071!° 4-10715 3.1071°
2 1.02 0.64 2.36 154.93 154.93 154.93 3.1071° 7-10715 4-1071°
3 0.34 0.27 8.93 96.41 96.41 96.41 3-1071° 3.1071° 4-1071°
4 2.74 1.48 9.19 188.03 188.03 188.03 4-1071° 1-10714 610710
5 0.21 0.26 2.26 98.68 98.68 98.68 3-1071° 5.1071° 210710
6 0.47 0.52 2.35 152.03 152.03 152.03 5-1071° 1-10714 5.1071°
7 0.44 0.41 9.11 95.73 95.73 95.73 5-10715 61015 5.10715
8 0.84 0.86 9.22 186.19 186.19 186.19 5-10715 1-10714 5.10715
9 0.03 0.02 < 0.01 44.64 44.64 9.36 3-10710 3.104 21072
10 0.03 0.02 < 0.01 304.27 304.27 6.03 1-10-8 4.1073 2.1071
11 0.02 0.01 < 0.01 316.35 316.35 316.35 7-1078 1-1074 1-1077
12 0.04 0.02 < 0.01 64.18 64.18 64.18 3-107° 6107 7-10710
13 0.02 - 0.03 0.79 - 2.10° 7-1077 - 4.107°
14 0.21 3.47 0.52 0.67 1.88 634.89 7-1077 1-1077 1-10711
15 176.76 5.52 1.11 998.72 157.41 998.72 8-10~7 4104 4.10°7
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